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This short note presents a new representation of the remainder in the Bernstein
approximation based on divided differences and some immediate applications. It is the
only known representation of the remainder in the Bernstein approximation of arbitrary
functions as a convex combination of divided differences of second order on known knots.
As an application we obtain sharp inequalities for functions possessing bounded divided
differences of second order and a new proof of the classical Weierstrass approximation
theorem.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let n be a positive integer and f : [0,1] → R. In his famous paper [2], S.N. Bernstein presented a constructive proof of
the Weierstrass approximation theorem, and introduced what we today call Bernstein polynomials. They are deﬁned by
Bn( f ; x) :=
n∑
k=0
pn,k(x) f
(
k
n
)
, x ∈ [0,1],
where pn,k(x) =
(n
k
)
xk(1− x)n−k.
Bernstein polynomials have opened up a new era in approximation theory. The approximation, shape preservation, di-
minishing variation, and other important properties make Bernstein operators an indispensable tool in Computer Aided
Geometric Design and other areas of mathematics (see, e.g., [4]).
The divided difference of the function f on the distinct knots x1, x2, x3 ∈ [0,1] is deﬁned by
[x1, x2, x3] f := f (x1)
(x1 − x2)(x1 − x3) +
f (x2)
(x2 − x3)(x2 − x1) +
f (x3)
(x3 − x1)(x3 − x2) .
A function f ∈ R[0,1] is said to be convex if
[x1, x2, x3] f  0, for all distinct knots x1, x2, x3 ∈ [0,1].
Floater [3] has expressed new interest in Stancu’s formula for the remainder in the Bernstein approximation:
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Bn( f ; x) − f (x) = x(1− x)
n
n−1∑
k=0
pn−1,k(x)
[
x,
k
n
,
k + 1
n
]
f , (1)
provided that x ∈ [0,1] \ { in | i = 0, . . . ,n}, n = 1,2, . . . .
A new interesting proof of Stancu’s formula is given in [3, p. 132].
If f possesses a derivative on [0,1], an extension of Stancu’s formula to the whole interval [0,1] can be obtained using
a limit process. Indeed, in this case the divided difference on multiple knots [ kn , kn , k+1n ] f makes sense and is equal to
n2
(
f
(
k + 1
n
)
− f
(
k
n
))
− nf ′
(
k
n
)
.
A limit process cannot be used when f is continuous but not differentiable, as can be observed from
lim
x↗1/2[x,0.5,1]|· − 0.5| = 4, limx↘0.5[x,0.5,1]|· − 0.5| = 0.
In a theorem published in 1957, Oleg Arama˘ introduced the ﬁrst representation of the Bernstein remainder using divided
differences:
Theorem 2. (See O. Arama˘ [1].) If f ∈ C[0,1], then for each x ∈ [0,1] there exist distinct points ξ1, ξ2, ξ3 ∈ [0,1] such that
Bn( f ; x) − f (x) = x(1− x)
n
[ξ1, ξ2, ξ3] f . (2)
Our note introduces a new representation of the remainder Bn( f ; x) − f (x) using divided differences of second order.
Its novelty lies in the fact that, for arbitrary functions, it can be expressed as convex combinations of divided differences of
second order on known knots. The new representation will allow us to revisit and improve on some well-known theorems
for Bernstein polynomials.
2. Main results and applications
Since 1964, the Stancu formula has been applied to functions possessing a derivative. In the following theorem we extend
Stancu’s formula to all functions deﬁned on [0,1].
Theorem 3. Let f : [0,1] → R. For all x ∈ (0,1) the remainder of the Bernstein approximation possesses the representation
Bn( f ; x) − f (x) = x(1− x)
n2
n−1∑
k=0
k∑
i=0
pk,i(x)
[
0,
x
n
,
1
n
]
f (· + xk,i), (3)
where xk,i := i+(n−1−k)xn (0 i  k n − 1).
For n = 1, Eq. (3) becomes the formula for the remainder in the Lagrange interpolation:
L[0,1; f ](x) − f (x) = x(1− x)[0, x,1] f .
We note that, contrary to Eq. (1), formula (3) holds for all x ∈ (0,1).
Theorem 3 leads us to an enhanced version of Arama˘’s result:
Theorem 4 (Arama˘-type mean-value theorem). For each f ∈ C[0,1] and x ∈ [0,1] there exists a point ξ ∈ [0,1− 1/n] such that
Bn( f ; x) − f (x) = x(1− x)
n
[
ξ, ξ + x
n
, ξ + 1
n
]
f . (4)
Theorem 5 (Mean value theorem). For any f ∈ C[0,1] and p, q integers with 0 < p < q, there exists θ ∈ [0,1) such that
Bn
(
f ; p
q
)
− f
(
p
q
)
= np(q − p)
2
21/(qn) f (θ). (5)
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The results presented in this paper are particularly relevant for automated computing applications, since computers use
rational numbers to approximate real world quantities. From this perspective, theorems on rational valued functions deﬁned
on a set of rational numbers are of particular interest. This explains the appeal of the restriction f |Q, which is made
possible by the fact that the Bernstein sequence only collects information from the values of f on rational points in [0,1].
Denote by Bpn the pth iterate of the operator Bn , p = 0,1, . . . (B0n is the identity operator), and let A = Q ∩ [0,1] or
A = [0,1]. Let ϕ :A → R, ϕ(x) = x(1− x).
As an immediate consequence of Theorem 3 we obtain the following sharp inequalities for the iterates of the Bernstein
operators.
Corollary 6. Let f :A → R. If m and M are constants such that m [q1,q2,q3] f  M for all distinct knots q1,q2,q3 ∈ A, then(
1− (1− 1/n)p)mϕ  Bpn f − f  (1− (1− 1/n)p)Mϕ, on A, (6)
n, p = 1,2, . . . . 
Remark 1. The constant (1− (1− 1n )p) in (6) is the best possible. Indeed, for f (x) = x2 ( f = e2), we have m = M = 1, and
Bpn e2 − e2 =
p−1∑
k=0
1
n
(
1− 1
n
)k
ϕ =
(
1−
(
1− 1
n
)p)
ϕ.
Consider the following simple Hermite interpolation polynomial
ha,b(x) := f (a) +
(
f (b) − f (a))
∫ x
a (t − a)2(b − t)2 dt∫ b
a (t − a)2(b − t)2 dt
, x ∈ [a,b], 0 a < b 1,
possessing the properties
ha,b(a) = f (a), h′a,b(a) = 0, h′′a,b(a) = 0,
ha,b(b) = f (b), h′a,b(b) = 0, h′′a,b(b) = 0.
The function ha,b is monotone and the spline function Hm ∈ C2[0,1] (see Fig. 1)
Hm(x) = hi/m,(i+1)/m(x), i = 0, . . . ,m − 1, (7)
approximates f with any imposed precision (for suﬃciently large m).
Remark 2. Since the second order divided differences of the spline function (7) are bounded, Corollary 6 is nothing but a
new proof of the Weierstrass approximation theorem for continuous functions on Q ∩ [0,1] (or [0,1]) by all iterates of the
Bernstein polynomials.
3. Proofs
Proof of Theorem 3. For ﬁxed n ∈ N and each x ∈ [0,1], we deﬁne the translation operator
Tx : R[0,1] → R[0,1−1/n], Tx f (t) = f
(
t + x
)
.n
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Bn( f ; x) − f (x) =
(
x · T1 + (1− x) · T0
)n
f (0) − Tnx f (0). (8)
Putting
D := x · T1 + (1− x) · T0 − Tx,
by a simple calculation we obtain
Df (t) = x(1− x)
n2
[
t, t + x
n
, t + 1
n
]
f , (9)
for x ∈ (0,1), t ∈ [0,1− 1/n]. This implies
DT i1T
j
x f (0) = x(1− x)n2
[
yij, yij + x
n
, yij + 1
n
]
f (10)
with
yi, j := i + jx
n
( j = 0, . . . ,n − 1; i = 0, . . . ,n − 1− j).
We have
(
x · T1 + (1− x) · T0
)n − Tnx = (x · T1 + (1− x) · T0 − Tx)
n−1∑
j=0
(
x · T1 + (1− x) · T0
)n−1− j
T jx
= D
n−1∑
j=0
n−1− j∑
i=0
(
n − 1− j
i
)
xi(1− x)n−1− j−i T i1T jx
=
n−1∑
j=0
n−1− j∑
i=0
pn−1− j,i(x)DT i1T
j
x .
Consequently, using (8) and (10), we obtain
Bn( f ; x) − f (x) = x(1− x)
n2
n−1∑
j=0
n−1− j∑
i=0
pn−1− j,i(x)
[
yi, j, yi, j + x
n
, yi, j + 1
n
]
f ,
which yields (3). 
Proof of Theorem 4. Let x ∈ (0,1) and X = {xk,i | k = 0, . . . ,n − 1; i = 0, . . . ,k} ⊂ [0,1/n]. Choose a,b ∈ X such that[
a,a + x
n
,a + 1
n
]
f = min
t∈X
[
t, t + x
n
, t + 1
n
]
f ,
[
b,b + x
n
,b + 1
n
]
f = max
t∈X
[
t, t + x
n
, t + 1
n
]
f .
We have 0 a,b 1− 1/n. Deﬁne the function h : [0,1] → R,
h(t) =
[
(1− t)a + tb, (1− t)a + tb + x
n
, (1− t)a + tb + 1
n
]
f .
Since f ∈ C[0,1], the function h is continuous and satisﬁes the inequalities
h(0) 1
n
n−1∑
k=0
k∑
i=0
pk,i(x)
[
xk,i, xk,i + xn , xk,i +
1
n
]
f  h(1).
It follows that there exists θ ∈ [0,1] such that
h(θ) = 1
n
n−1∑
k=0
k∑
i=0
pk,i(x)
[
xk,i, xk,i + xn , xk,i +
1
n
]
f .
The proof is completed by taking ξ = (1− θ)a + θb and applying Theorem 3. 
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ξ + 1n ] f from Eq. (4) belongs to the convex hull of the set{[
ξ + i
qn
, ξ + i + 1
qn
, ξ + i + 2
qn
; f
] ∣∣∣ i = 0, . . . ,q − 2
}
.
Consequently, there exists θ ∈ [0,1) such that
[
ξ, ξ + p
qn
, ξ + 1
n
]
f =
[
θ, θ + 1
qn
, θ + 2
qn
]
f = q
2n2
2
1/(qn) f (θ). 
Proof of Corollary 6. From Theorem 3 we obtain
1
n
ϕm Bn f − f  1
n
ϕM, on A.
Since
Bknϕ =
(
1− 1
n
)k
ϕ and
p−1∑
k=0
1
n
(
1− 1
n
)k
=
(
1−
(
1− 1
n
)p)
, k = 0,1, . . . ,
we obtain
1
n
(
1− 1
n
)k
ϕm Bk+1n f − Bkn f 
1
n
(
1− 1
n
)k
ϕM, k = 0,1, . . . ,
and (
1−
(
1− 1
n
)p)
ϕm Bpn f − f 
(
1−
(
1− 1
n
)p)
ϕM. 
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